plates subjected to convective cooling on the external surfaces is investigated analytically. Fully developed laminar velocity distributions obtained by a power law fluid rheology model are used, and viscous dissipation is taken into account. The effect of heat conduction in the direction of fluid flow is considered negligible. The physical properties are assumed to be constant. We approximate the smooth change in the velocity distribution between the plates as a piecewise constant velocity. The theoretical analysis of the heat transfer is performed using an integral transform technique-Vodicka's method. An important feature of the approach is that an arbitrary distribution of the temperatures of the surrounding media in the direction of fluid flow and an arbitrary velocity distribution of the fluid can be permitted. A comparison with the existing results provides a verification of this technique. The effects of the Brinkman number, Biot number and rheological properties on the distributions of the fluid temperature and the local Nusselt number are illustrated. Moreover, the effects of these parameters on the length of the freeze-free zone are discussed in the case where the temperatures of the surrounding media are below the solidification temperature of the fluid.
Introduction
An understanding of the convection heat transfer in non-Newtonian fluids inside conduits is of great importance in the design of several types of thermal equipment. From this viewpoint, heat transfer problems of this type have been investigated by a large number of researchers since the 1880s. The problem pertaining to the derivation of the local Nusselt number in the thermal entry region when an incompressible fluid flows through a conduit with a fully developed velocity distribution is of particular interest; this problem is referred to as the Graetz problem. It has attracted the interest of not only engineers but also applied mathematicians because of the difficulties involved in deriving the solution.
The Graetz problem is normally solved by using a quasi-analytical method. That is, the separation of variables approach is applied to the governing equation, and only the resultant eigenvalue problem is solved numerically. It is very difficult to obtain an exact solution to the eigenvalue problem except in some special cases. Therefore, a completely explicit analytical solution to the heat transfer problem for a fluid with an arbitrary velocity distribution has not been reported thus far.
The objective of this study is to solve mathematically the forced convection heat transfer problem in a conduit between parallel plates subjected to heat loads from the surrounding by Vodicka's method [1] , which is a type of integral transform method, and to derive completely explicit analytical solutions of the fluid temperature and local Nusselt number. Heat conduction in the direction of fluid flow is considered negligible since the present study focuses on heat transfer with a sufficiently large Peclet number. However, viscous dissipation is taken into account. Numerical calculations are used to illustrate the effects of the Brinkman number, Biot number and rheological properties on the distributions of the fluid temperature and local Nusselt number. Moreover, the effects of these parameters on the length of the freeze-free zone are discussed for the case where the temperatures of the surrounding media are below the solidification temperature of the fluid. Figure 1 shows the physical model and coordinate system. A non-Newtonian fluid with a fully developed velocity distribution u(y) flows into a conduit between parallel plates. The fluid temperature at the entrance is T 0 (y). The conduit of width 2L contacts the surrounding media with temperature T 1∞ (x) and T 2∞ (x) at y = L and y = -L, respectively. The heat transfer coefficients on the external surfaces of the plates are h 1 and h 2 .
Analysis

Analytical model and formulation
In this study, the flowing fluid has no analytical restriction in its velocity distribution form. With regard to the type of fluid flowing inside the conduit, a power law fluid, which can approximate the non-Newtonian viscosity of many types of fluids with a good accuracy over a wide range of shear rates, is considered here. The shear stress acting on the viscous fluid τ yx is given as follows:
where κ and ν are the power law model parameter and power law model index, respectively. ν < 1 indicates a pseudoplastic fluid, ν > 1 indicates a dilatant fluid and ν = 1 is equivalent to a Newtonian fluid. The fully developed velocity distribution is expressed as follows [2] :
where u m is the mean velocity. The following assumptions are introduced: (i) material properties are independent of temperature and are therefore constant, (ii) heat resistance of the parallel plates is negligible, (iii) heat conduction in the direction of fluid flow is negligible, (iv) mode of flow is always laminar. In this case, the steady-state heat balance taking viscous dissipation into account is expressed as follows:
where ρ, c and λ are the density, specific heat and thermal conductivity, respectively. The boundary conditions are given as follows:
is a partial differential equation with variable coefficients; therefore, it is very difficult to obtain the exact solution. In order to solve eqn (7), we divide the conduit into n regions in the η direction and approximate U(η)
as a constant U i in each region, as shown in fig. 2 . In this case, the dimensionless energy equation in the ith region (i = 1, 2, …, n) is obtained as follows:
where
The continuous conditions at the imaginary interfaces and boundary conditions are expressed by the following equations:
η U(η)
Figure 2: Virtual division inside the conduit.
(16)
Vodicka's method
The solution to eqns (11)- (16) is obtained as
where 1 2 ( ) ( )
is the solution to the boundary value problem expressed as follows:
X im (η) is the solution to the eigenvalue problem expressed as follows:
L j (η) and X im (η) are given as
The conditions necessary to determine the unknown coefficients A im and B im can be obtained by substituting eqn (22) 
cos 
By substituting eqn (17) into eqn (14), the following equation is obtained:
The eigenvalue function X im (η) obtained from eqns (20) and (22) has an orthogonal relationship with discontinuous weight functions; this is expressed as follows:
L j (η), Q(η) and G(η) can be expanded into an infinite series by X im (η) as follows: 
Finally, the temperature solution for the ith region inside the conduit θ i (ξ, η) is derived as follows: 
The dimensionless bulk temperature of the fluid is given as
Consequently, the local Nusselt numbers at η = 1 and -1 are expressed by the following equations:
Numerical calculation
As a numerical example, we consider the case of θ 0 (η) = 1, θ 1∞ (ξ) = θ 2∞ (ξ) = 0 and H 1 = H 2 = H. In this case, the local Nusselt numbers of eqns (35) and (36) equate with each other since the temperature field in the conduit is symmetric with respect to the x-axis (ξ-axis).
The number of terms in the infinite series in eqn (33) is 500, unless otherwise specified. Note that this value is used under the verification of a sufficient convergence of the numerical results.
Results and discussion
Examination of the number of partitions
In order to estimate the accuracy and usefulness of the present analytical solution, which is obtained from the approximation of continuous change as a piecewise constant in the fluid velocity distribution, we first consider the most basic Graetz problem of Br = 0, H = ∞ and ν = 1, or the case in which a Newtonian fluid flows without viscous dissipation between parallel plates that are maintained at a constant temperature. This case has already been analyzed quasi-analytically by Rosales et al. [3] . Figure 3 shows a comparison of the fluid temperature distribution calculated by the present solution with that in reference [3] . A smaller value of ξ has a larger effect of the number of partitions n on the temperature distribution.
For n = 5, the temperature distribution at ξ = 10 -4 fluctuates widely. The temperature distribution obtained from the present analytical solution with n = 20 is in good agreement with that of reference [3] for all ξ. Table 1 shows a comparison between the local Nusselt numbers of the present solution and reference [3] . For n = 20, the difference between them is less than 0.1% in the range of 10 -4 < ξ < 10 0 . Consequently, as long as the local Nusselt number is discussed in this range, n = 20 provides sufficiently accurate results. Note that all of the following results are obtained from the analytical solution with n = 20. 
Effects of parameters on local Nusselt number distribution
Critical fluid velocity diagram
The critical fluid velocity for avoiding solidification within the conduit is obtained in the case where the temperatures of the surrounding media are below the solidification temperature of the flowing fluid; this highlights the applicability of the present analytical solution in the field of industry. Figure 5 shows the relationship between the dimensionless solidification temperature and the dimensionless length of the freeze-free zone with different Biot numbers and Brinkman numbers. This figure makes use of the temperature distribution in the direction of the ξ coordinate at η = 1. For Br = 0, it can be seen that θ f is asymptotic to 1 as ξ f approaches 0 and θ f is asymptotic to 0 as ξ f approaches infinity. The extent of the approach depends on the value of H. This result is the same as that reported by Sadeghipour et al. [4] , who investigated the critical fluid velocity of a pipe flow. For Br ≠ 0, the effect of Br becomes significant as H decreases and ξ f increases. The effect of ν on the critical fluid velocity is considerably smaller than that of H or Br. 
Conclusions
The forced convection heat transfer problem with viscous dissipation in a conduit between parallel plates subjected to heat loads from the surrounding has been solved mathematically by Vodicka's method, which is a type of integral transform method, and completely explicit analytical solutions of the fluid temperature and local Nusselt number have been derived. The conclusions obtained through numerical calculations are summarised as follows: (1) With regard to the Graetz problem in the case of a conduit between parallel plates, the number of partitions in the conduit should be over 20 in order to obtain a sufficiently accurate local Nusselt number. 
